Abstract. Let G be a connected, solvable linear algebraic group over a number eld K, let S be a nite set of places of K that contains all the in nite places, and let O(S) be the ring of S-integers of K.
Introduction
Let G be a solvable linear algebraic group de ned over Q . The author recently proved that if the arithmetic subgroup G Z is Zariski dense, then it is a superrigid lattice in G R (see 1.4) , in the sense that any nite-dimensional representation : G Z ! GL n (R) more-or-less extends to a representation of G R . (A precise de nition of superrigidity appears in Defn. 1.1 below.)
We now prove an appropriate generalization of this result for S-arithmetic subgroups, in place of arithmetic subgroups (see 1.6 and 1.10). Date: November 7, 1996 . To appear in Journal of Algebra. (Submitted March 1996.) 1 Note that the only superrigidity under consideration is archimedean superrigidity. That is, all representations are over R (or C If G has no nontrivial characters de ned over Q (and is connected), then this theorem has a natural generalization to S-arithmetic subgroups. (1.6) Theorem. Let G be a connected, solvable algebraic group over Q , and let S be a nite set of places of Q , containing the in nite place. If G has no nontrivial characters de ned over Q , and G Z(S) is Zariski dense in G , then G Z(S) is a superrigid lattice in G S .
If G does have nontrivial Q -characters, then G Z(S) is not a lattice in G S . However, it is well known that G Z(S) is a lattice in a certain subgroup G (1) S (see 1.9) and 5.15), and our main theorem implies that G Z(S) is superrigid in G (1) S . More generally, our main theorem shows that an analogous result holds for solvable algebraic groups over any number eld, but, in this generality, it may be necessary to replace G (1) S with a smaller group G O(S) , which we now de ne (see 1.9 ). The idea is that G O(S) should be the almost-Zariski closure (see 1.8) of G O(S) in G (1) S , but the situation is complicated by the fact that G (1) S is not an algebraic group.
(1.7) De nition 13 The following corollary states that the question of whether S-arithmetic subgroups of a given algebraic group G are superrigid can essentially be reduced to the same question about the S-arithmetic subgroups of the maximal semisimple quotient of G . The point is that the main theorem implies that solvable S-arithmetic groups are superrigid, which means the radical of G is under control|all that remains is the semisimple part of G .
(1.11) Corollary (see x4). Let G be a connected algebraic group over a number eld K, and let S be a nite set of places of K, containing the in nite places. If G O(S) is Zariski dense in G , and the image of G O(S) in
G. A. Margulis has shown that S-arithmetic subgroups of semisimple groups of higher S-rank are superrigid.
(1.12) Theorem (Margulis 9, B(iii), p. 259]). Let G be a connected, semisimple algebraic group over a number eld K, and let S be a nite set of places of K, containing the in nite places. Assume the S-rank of every simple factor of G is at least two. Then G O(S) is a superrigid lattice in G S .
(1.13) Corollary. Let G be a connected algebraic group over a number eld K, and let S be a nite set of places of K, containing the in nite places. If G O(S) is Zariski dense in G , and the S-rank of every K-simple factor of G = Rad G is at least two, then G O(S) is a superrigid lattice in G O(S) .
(1.14) Remark Zimmer that suggested my previous work should be generalized in this direction, and pointed me in the right direction for a proof. I am also grateful to J.{T. Chang and Nimish Shah for discussions that clari ed some of the details. This research was partially supported by a grant from the National Science Foundation.
2. An instructive proof of a special case In this section, we present a simple proof of Thm. 1.4. This special case illustrates many of the ideas involved in the proof of our main theorem. In particular, this case illustrates the importance of the existence of a syndetic hull.
(2.1) De nition ( 13, Although our goal is a proof of Thm. 1.4, which deals only with algebraic groups, it is convenient to prove a more general result that applies to more general Lie groups (see 2.2), because it is easier to work with simply connected groups, but the universal cover of G R is often not an algebraic group.
The proof we give here is based on the same ideas as 13]. However, the present proof is much less complicated because we do not bother to keep track of exactly when it is necessary to pass to a nite-index subgroup or mod out a nite group. In particular, we thereby avoid the need to discuss nilshadows, which play an important role in 13]. The following lemma, which establishes the existence of an appropriate syndetic hull, is a crucial ingredient in the proof of Thm. 2.2. A generalization of this lemma is used in the proof of our main theorem (see 3.5 3. Proof of the Main Theorem This section presents a proof of the main theorem. However, instead of the theorem as stated in x1, we prove a more general version that applies to groups whose algebraic structure is similar to that of G O(S) (see 3.6). We are not particularly interested in this generalization for its own sake; rather, the intention is to clarify the main ideas of the proof by separating out the crucial hypotheses. The following proposition shows that Main Theorem 1.10 is indeed a special case of Thm. 3.6. 
Therefore, X \ (e ) contains a nite-index subgroup of F. Because X \ (e ) = e, this implies that F is nite, as desired.
4. Application to non-solvable groups In this section, we prove Cor. 1.11. As described in Rem. 1.14, we prove two versions of this corollary (see 4.2). (Note that if G O(S) has no nontrivial connected, compact, semisimple, normal subgroups, then this implies that C H (Rad H) has no compact normal subgroups at all, solvable or not.) In this case, the extension R is unique (cf. 13, Cor. 6.11]), so graph( ) normalizes graph( R ).
Write Rad G = T n U, where T is a torus and U is the unipotent radical.
We may assume R = T n U, where T and U are nite-index subgroups Let U 1 = U 1 \ U and U f = U f \ U, and assume U = U 1 U f . Because C H (Rad H) has no nontrivial, compact, solvable, normal subgroups, it is not di cult to show that U R f must be trivial. Then, because graph( ) normalizes graph( R ), we see that A must normalize graph( R j U1 ). Thus, A normalizes graph( R j U1 ) (see 5.18). Case 2. The general case. Let C be the (unique) maximal compact, solvable, normal subgroup of C H (Rad H) (which we no longer assume to be trivial). From Case 1, we know there is a nite-index subgroup G of G O(S) and a homomorphism : G ! H=C such that extends the homomorphism induced by . Now C is a compact torus (see 5.6), so the Levi decomposition implies that there is a normal subgroup J of H such that JC = H and J \ C is nite. There is no harm in modding out this nite intersection, so we may assume J \ C is trivial. Then H=C is naturally isomorphic to J, so we can think of as a homomorphism from G to J. Thus, extends to a homomorphism : G ! C (for example, this follows by applying the main theorem (1.10) to the abelian group G = G ; G ]). Then the homomorphism g 7 ! g g extends , as desired.
(4.3) Remark. G 1 is of the form A C B R , where A and B are algebraic groups de ned over C and R, respectively. By restriction of scalars, the C -points of an n-dimensional algebraic group de ned over C can be viewed as the R-points of a 2n-dimensional algebraic group de ned over R. Thus, we see that G 1 can be viewed as the R-points of an algebraic group de ned over R. Therefore, in a natural way, G 1 has a Zariski topology.
Miscellaneous facts from Lie theory
In this section, we collect for convenient reference a number of facts that are used in x3.
All locally compact groups (including all Lie groups) in this paper are assumed to be second countable. For then the desired example is obtained by forming a semidirect product G = T n U, such that C T (U) is trivial, and letting S = S 1 .
Let p and q be two distinct primes, with q 3 (mod 4), let K = Q(i; p p), and let T = SO(x 2 + qy 2 ). Then T is de ned over K (in fact, it is de ned over Q ) and is K-anisotropic (because q is not a square in K). Now K is Galois over Q and has two places, both complex, so Because A H, it is easy to see that ?1 (A) K. Thus, the conclusion of the preceding paragraph implies that K contains a nite-index subgroup of ?1 (A), so there is no harm in replacing G with K, so we may assume G = e, which means S H, so A contains a maximal compact torus of G . Hence, the proposition implies that ?1 (A) is connected. f(e it ; e i t ; e i t=2 )g and f(e it ; e i t ; ?e i t=2 )g: x5G. The commutator subgroup of a lattice. (5.22) Lemma By replacing ? with a subgroup of nite index, we may assume that Ad G ? is connected, in which case, ( ) implies that Ad G centralizes Ad G ? . Because Ad G = Ad G, this implies that Ad G ? Z(Ad G). Therefore, because G =? is compact, we see that the image of G in Ad G=Z(Ad G) is compact. But compact, connected Lie groups are abelian (see 5.6), so we conclude that G is nilpotent.
Therefore, ( ) implies that centralizes G (see 5.13). Then, because Ad G = Ad G, we see that G centralizes G (see 5.17). Hence G; G] = G; G ] = e, so the desired conclusion is trivially true.
Errata to 13]
In the second sentence of the abstract, ? should be assumed to be discrete. The reference for Lem. 3.21 should be to 6], which was mistakenly omitted from the bibliography. The references for Prop. 
